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1. Introduction
An interest to investigations of the initial and boundary-value problems for the operator-
differential equations (see, for example, [1-3] and given references there) has increased last
years. This is connected with the fact that the equations of this type allow to consider
both ordinary differential operators and the operators with partial derivatives.
In this paper the boundary-value problem for one class operator-differential equations
of the fourth order is considered in the weighted analogue of Sobolev type space (with the
weight e−
κ
2
t, κ ∈ R = (−∞; +∞)). Namely, the correctness and unique solvability of the
boundary-value problem on semi-axis for the operator-differential equation of the fourth
order, the main part of which has a multiple characteristic, is studied here. The obtained
solvability conditions are expressed in terms of the operator coefficients of the equation,
and this allows to check these conditions both in theoretical and in applied problems.
Estimations of the norms of the operators of intermediate derivatives closely connected
with the solvability conditions have been carried out. Moreover, the connection between
the weight exponent and the lower boundary of spectrum of the operator, participating in
the equation, is determined in results of the paper.
Let A be a selfadjoint positively defined operator in separable Hilbert space H and κ
be any real number: κ ∈ R.
We denote by L2,κ(R;H) Hilbert space of H–valued functions, defined in R, with the
norm
‖f‖L2,κ(R;H) =
(∫ +∞
−∞
‖f(t)‖2H e−κtdt
)1/2
.
We denote by W 42,κ(R;H) the space of H–valued functions such that
d4u(t)
dt4
∈ L2,κ(R;H),
A4 u(t) ∈ L2,κ(R;H) with the norm
‖u‖W 4
2,κ
(R;H) =


∥∥∥∥∥d
4u
dt4
∥∥∥∥∥
2
L2,κ(R;H)
+
∥∥∥A4u∥∥∥2
L2,κ(R;H)


1/2
.
Here and further the derivatives are considered in sense of the theory of generalized
functions. It is obvious that for κ = 0 we’ll have the spaces L2,0(R;H) = L2(R;H),
W 42,0(R;H) = W
4
2 (R;H) (see [4]). By the same way we can define the spaces L2,κ(R+;H)
and W 42,κ(R+;H), where R+ = [0;+∞).
Let’s pass to the statement of the investigated problem. We consider the following
boundary-value problem in the space H :
1
(
− d
dt
+ A
)(
d
dt
+ A
)3
u(t) +
4∑
j=1
Aj
d4−ju(t)
dt4−j
= f(t), t ∈ R+, (1)
u (0) =
du (0)
dt
=
d2u (0)
dt2
= 0, (2)
where A is the same operator with the lower boundary of the spectrum λ0 (A = A
∗ ≥ λ0E
(λ0 > 0), E is the identity operator), Aj , j = 1, 2, 3, 4 are the linear, generally speaking,
unbounded operators, f(t) ∈ L2,κ(R+;H), u(t) ∈ W 42,κ(R+;H).
Definition. If for any f(t) ∈ L2,κ(R+;H) there exists the vector-function u(t) ∈
W 42,κ(R+;H), satisfying the equation (1) almost everywhere in R+, and the boundary
conditions (2) in sense:
lim
t→0
∥∥∥∥∥A7/2−j d
ju (t)
dtj
∥∥∥∥∥
H
= 0, j = 0, 1, 2,
and the inequality
‖u‖W 4
2,κ
(R+;H)
≤ const ‖f‖L2,κ(R+;H)
takes place, then it is called the regular solution of the boundary-value problem (1), (2),
and the boundary-value problem (1), (2) is called regularly solvable.
We note that similar problems of the regular solvability in the weighted space for the
operator-differential equations of the second and third orders, considered on semi-axis,
are studied, for example, in the papers [5-8]. Investigations of the regular solvability of
the boundary-value problem (1), (2) for A4 = 0 have been done in wide aspect for the
case κ = 0 in the paper [9]. But in the paper [10] the sufficient conditions of the normal
solvability of the boundary-value problem for differed from our case another class of the
operator-differential equations of the fourth order with the multiple characteristic have been
obtained in the weighted space. We note that in all these works the solvability conditions
are expressed in terms of the operator coefficients of studied equations. In the case of the
weighted space it is important to note the earlier paper [11], in which the operators of the
perturbed part of the equation are the degrees of the operator A, multiplied by the complex
numbers, and solvability conditions are expressed with the help of limitations of resolvent
increase of the corresponding operator pencil. The solvability and Fredholm solvability of
boundary value problems on the semi-axis (as well as on a finite interval) for equations of
arbitrary order in Hilbert space with non-commuting operator coefficients was investigated
in papers [12, 13]. We also remark that equations of form (1) appear in applications, in
particular, in the problems of stability of the plates from the plastic material (see [14]).
2. Main results
We’ll begin from studying the operator P0, acting from the space
o
W 42,κ(R+;H) to the
space L2,κ(R+;H) by the following way:
P0u (t) ≡
(
− d
dt
+ A
)(
d
dt
+ A
)3
u(t), u (t) ∈
o
W 42,κ (R+;H) ,
2
where
o
W 42,κ(R+;H) =
{
u (t) : u (t) ∈ W 42,κ(R+;H),
dsu (0)
dts
= 0, s = 0, 1, 2
}
.
It takes place the following theorem on the isomorphism of the operator P0, in the proof
of which we apply Fourier transform and Banach theorem on the inverse operator.
Theorem 1. Let |κ| < 2λ0. Then the operator P0 isomorphically maps the space
o
W 42,κ(R+;H) onto the space L2,κ(R+;H).
Proof. For convenience of the further notes we consider the polynomial operator pencil
P0 (µ;A) = (−µE + A) (µE + A)3 .
Then the boundary-value problem (1), (2) for Aj = 0, j = 1, 2, 3, 4 can be written in the
form of the operator equation
P0
(
d
dt
;A
)
u (t) = f (t) , (3)
where f(t) ∈ L2,κ(R+;H), u(t) ∈
o
W 42,κ(R+;H). It is easy to determine that the homoge-
neous equation P0
(
d
dt
;A
)
u (t) = 0 has only trivial solution from the space
o
W 42,κ(R+;H).
Let’s show that the equation (3) has the solution from the space
o
W 42,κ(R+;H) for any
f(t) ∈ L2,κ(R+;H). After substitution v (t) = u (t) e−κ2 t we rewrite the equation (3) in the
form
P0
(
d
dt
+
κ
2
;A
)
v (t) = g (t) , (4)
where v(t) ∈
o
W 42 (R+;H), g (t) = f(t)e
−
κ
2
t ∈ L2(R+;H). Let λ ∈ σ (A) (λ ≥ λ0). As for
|κ| < 2λ0
∣∣∣∣P0
(
iξ +
κ
2
;λ
)∣∣∣∣ =
∣∣∣∣∣
(
−
(
iξ +
κ
2
)
+ λ
)(
iξ +
κ
2
+ λ
)3∣∣∣∣∣ =
∣∣∣∣∣
(
−
(
iξ +
κ
2
)2
+ λ2
)(
iξ +
κ
2
+ λ
)2∣∣∣∣∣ =


(
ξ2 − κ
2
4
+ λ2
)2
+ ξ2κ2


1/2 ((
λ+
κ
2
)2
+ ξ2
)
≥
(
λ2 − κ
2
4
)(
λ+
κ
2
)2
≥
(
λ20 −
κ2
4
)(
λ0 +
κ
2
)2
> 0, ξ ∈ R,
3
then from the spectral decomposition of the operator A it follows that the operator pencil
P0
(
iξ + κ
2
;A
)
is invertible for |κ| < 2λ0.
Let us continue the function f(t) by 0 for t < 0, then (4) will be already on the whole
axis and also g(t) = 0 for t < 0. Using direct and inverse Fourier transforms it becomes
clear that
v0 (t) =
1
2pi
∫ +∞
−∞
P−10
(
iξ +
κ
2
;A
)(∫ +∞
0
g (s) e−iξsds
)
eiξtdξ, t ∈ R
satisfies the equation (4) almost everywhere in R. We’ll prove that v0(t) ∈ W 42 (R;H).
Really, from Plancherel theorem we have
‖v0‖2W 4
2
(R;H) =
∥∥∥∥∥d
4v0
dt4
∥∥∥∥∥
2
L2(R;H)
+
∥∥∥A4v0∥∥∥2
L2(R;H)
=
∥∥∥ξ4vˆ0 (ξ)∥∥∥2
L2(R;H)
+
∥∥∥A4vˆ0 (ξ)∥∥∥2
L2(R;H)
≤ sup
ξ∈R
∥∥∥∥ξ4P−10
(
iξ +
κ
2
;A
)∥∥∥∥2
H→H
‖gˆ (ξ)‖2L2(R;H)+
sup
ξ∈R
∥∥∥∥A4P−10
(
iξ +
κ
2
;A
)∥∥∥∥2
H→H
‖gˆ (ξ)‖2L2(R;H) ≤
const ‖gˆ (ξ)‖2L2(R;H) = const ‖g (t)‖
2
L2(R+;H)
,
where vˆ0 (ξ) and gˆ (ξ) are Fourier transforms of the functions v0 (t) and g (t) correspon-
dingly. And this in turn so as estimating the norm
∥∥∥A4P−10 (iξ + κ2 ;A
)∥∥∥ for ξ ∈ R, from
the spectral theory of selfadjoint operators, we have
∥∥∥∥A4P−10
(
iξ +
κ
2
;A
)∥∥∥∥ = sup
λ∈σ(A)
∣∣∣∣∣λ4
(
−
(
iξ +
κ
2
)
+ λ
)
−1 (
iξ +
κ
2
+ λ
)
−3
∣∣∣∣∣ =
sup
λ∈σ(A)
∣∣∣∣∣∣λ4
(
−
(
iξ +
κ
2
)2
+ λ2
)
−1 (
iξ +
κ
2
+ λ
)
−2
∣∣∣∣∣∣ ≤
sup
λ∈σ(A)
λ4(
ξ2 + λ2 − κ2
4
) ((
λ+ κ
2
)2
+ ξ2
) ≤ sup
λ∈σ(A)
λ4(
λ2 − κ2
4
) (
λ+ κ
2
)2 ≤
λ40(
λ20 − κ24
) (
λ0 +
κ
2
)2 .
Similarly, we prove that for ξ ∈ R
∥∥∥∥ξ4P−10
(
iξ +
κ
2
;A
)∥∥∥∥ = sup
λ∈σ(A)
∣∣∣∣∣ξ4
(
−
(
iξ +
κ
2
)
+ λ
)
−1 (
iξ +
κ
2
+ λ
)
−3
∣∣∣∣∣ ≤
4
sup
λ∈σ(A)
ξ4(
ξ2 + λ2 − κ2
4
) ((
λ+ κ
2
)2
+ ξ2
) ≤ ξ4(
ξ2 + λ20 − κ24
)((
λ0 +
κ
2
)2
+ ξ2
) ≤ 1.
Here σ (A) is the spectrum of operator A.
As the mapping v (t) → u (t) e−κ2 t is the isomorphism between the spaces W 42 (R;H)
and W 42,κ(R;H), then it is obvious that for any f(t) ∈ L2,κ(R;H) there exists u0 (t) =
v0 (t) e
κ
2
t ∈ W 42,κ (R;H), satisfying the equation (3) almost everywhere in R. Continuing, we
denote by u˜0 (t) the restriction of a vector-function u0 (t) on R+. As u˜0 (t) ∈ W 42,κ (R+;H),
then from theorem on the traces [4, chapter 1] d
su˜0(0)
dts
∈ D
(
A
7/2−s
)
, s = 0, 1, 2. As we look
for the solution of the boundary-value problem (1), (2) for Aj = 0, j = 1, 2, 3, 4 in the form
u (t) = u˜0 (t) + e
−tAϕ0 + tAe
−tAϕ1 + t
2A2e−tAϕ2,
where ϕ0, ϕ1, ϕ2 ∈ D
(
A
7/2
)
, and e−tA is strongly continuous semigroup of the bounded
operators, generated by the operator −A, then from the boundary conditions (2) we have

u (0) = u˜0 (0) + ϕ0 = 0,
du(0)
dt
= du˜0(0)
dt
− Aϕ0 + Aϕ1 = 0,
d2u(0)
dt2
= d
2u˜0(0)
dt2
+ A2ϕ0 − 2A2ϕ1 + 2A2ϕ2 = 0,
and from here we obtain


ϕ0 = −u˜0 (0) ,
−ϕ0 + ϕ1 = −A−1 du˜0(0)dt ,
ϕ0 − 2ϕ1 + 2ϕ2 = −A−2 d2u˜0(0)dt2 .
(5)
The vectors ϕ0, ϕ1, ϕ2 are defined uniquely from the system (5) and it is clear that they
belong to D
(
A
7/2
)
. As for |κ| < 2λ0 e−tAϕ0 ∈ W 42,κ (R+;H), tAe−tAϕ1 ∈ W 42,κ (R+;H),
t2A2e−tAϕ2 ∈ W 42,κ (R+;H), then u(t) ∈ W 42,κ(R+;H) and satisfies the boundary-value
problem (1), (2) for Aj = 0, j = 1, 2, 3, 4.
If we take into consideration the theorem on intermediate derivatives [4, chapter 1],
then the boundedness of the operator P0 follows from the inequality
‖P0u‖2L2,κ(R+;H) =
∥∥∥∥∥d
4u
dt4
+ 2A
d3u
dt3
− 2A3du
dt
− A4u
∥∥∥∥∥
2
L2,κ(R+;H)
≤
4 ‖u‖2W 4
2,κ
(R+;H)
+ 16


∥∥∥∥∥Ad
3u
dt3
∥∥∥∥∥
2
L2,κ(R+;H)
+
∥∥∥∥∥A3dudt
∥∥∥∥∥
2
L2,κ(R+;H)

 ≤
const ‖u‖2W 4
2,κ
(R+;H)
.
As a result, taking into account Banach theorem on the inverse operator, we obtain,
that P0 :
o
W 42,κ(R+;H)→ L2,κ(R+;H) is the isomorphism. Theorem is proved.
5
Corollary 1. For |κ| < 2λ0 from theorem 1 it becomes clear that the norm ‖P0u‖L2,κ(R+;H)
is equivalent to the initial norm ‖u‖W 4
2,κ
(R+;H)
in the space
o
W 42,κ(R+;H).
Remark. It is important to note that for κ = ±2λ0 the operator P0 is not invertible.
Moreover, in this case P0 is not a Fredholm operator (its image is not closed). The proof
of this fact is given in [13].
Further, we denote by P1 the operator, acting from the space
o
W 42,κ(R+;H) into the
space L2,κ(R+;H) by the following way:
P1u (t) ≡
4∑
j=1
Aj
d4−ju (t)
dt4−j
, u (t) ∈
o
W 42,κ (R+;H) .
The following statement, in the proof of which we’ll apply theorem on intermediate
derivatives [4, chapter 1], is true.
Lemma. Let the operators AjA
−j, j = 1, 2, 3, 4 be bounded in H. Then the operator
P1 acting from the space
o
W 42,κ(R+;H) into the space L2,κ(R+;H) is also bounded.
As a result we come to the main aim of this paper – determining the sufficient conditions
of regular solvability of the boundary-value problem (1), (2).
For simplifying the notes we introduce the notation γ (λ) = 1− κ2
4λ2
.
Theorem 2. Let A = A∗ ≥ λ0E (λ0 > 0), |κ| < 2λ0 and the operators AjA−j,
j = 1, 2, 3, 4 are bounded in H, moreover, the inequality
4∑
j=1
cj (κ)
∥∥∥AjA−j∥∥∥
H→H
< 1
is true, where the numbers cj(κ), j = 1, 2, 3, 4 are defined by the following way:
c1(κ) = c3(κ) =
1
2
γ−
1/2 (λ0) , c2(κ) =
1
2
√
2
γ−
1/2 (λ0) , c4 (κ) = γ
−1 (λ0) .
Then the boundary-value problem (1), (2) is regularly solvable.
Proof. We write the boundary-value problem (1), (2) in the form of the operator
equation
P0u (t) + P1u (t) = f (t) ,
where f(t) ∈ L2,κ(R+;H), u(t) ∈
o
W 42,κ(R+;H). From theorem 1 it follows that the operator
P0 has the bounded inverse operator P
−1
0 , acting from the space L2,κ(R+;H) into the space
o
W 42,κ(R+;H). Then after the substitution u (t) = P
−1
0 z (t), where z(t) ∈ L2,κ(R+;H), we
obtain the following equation in L2,κ(R+;H):(
E + P1P
−1
0
)
z (t) = f (t) .
We’ll show that if the conditions of theorem are satisfied, then the norm of the operator
P1P
−1
0 is less than one. Really,∥∥∥P1P−10 z∥∥∥L2,κ(R+;H) = ‖P1u‖L2,κ(R+;H) ≤
6
4∑
j=1
∥∥∥∥∥Aj d
4−ju
dt4−j
∥∥∥∥∥
L2,κ(R+;H)
≤
4∑
j=1
∥∥∥AjA−j∥∥∥
H→H
∥∥∥∥∥Aj d
4−ju
dt4−j
∥∥∥∥∥
L2,κ(R+;H)
. (6)
Further it is necessary to estimate the norms of intermediate derivatives operators
Aj
d4−j
dt4−j
:
o
W 42,κ(R+;H)→ L2,κ(R+;H), j = 1, 2, 3, 4.
As these operators are continuous, then their norms according to corollary 1 can be esti-
mated with respect to ‖P0u‖L2,κ(R+;H).
We denote by y (t) =
(
d
dt
+ A
)2
u (t). Then from the equation (1) for Aj = 0, j =
1, 2, 3, 4 and boundary conditions (2) with respect to y (t) we have the following boundary-
value problem:
− d
2y (t)
dt2
+ A2y (t) = f (t) , t ∈ R+, (7)
y (0) = 0. (8)
After substitution w (t) = y (t) e−
κ
2
t from the problem (7), (8) we obtain
−
(
d
dt
+
κ
2
)2
w (t) + A2w (t) = h (t) , t ∈ R+, (9)
w (0) = 0, (10)
where w(t) ∈ W 22 (R+;H), h (t) = f(t)e−
κ
2
t ∈ L2(R+;H).
Multiplying both sides of the equation (9) by A2w as a scalar product in the space
L2(R+;H) we have (
−d
2w
dt2
, A2w
)
L2(R+;H)
+
(
−κdw
dt
, A2w
)
L2(R+;H)
+
(
−κ
2
4
w,A2w
)
L2(R+;H)
+
(
A2w,A2w
)
L2(R+;H)
=
(
h,A2w
)
L2(R+;H)
.
Now, integrating by parts, and taking into consideration the condition (10), we obtain
Re
(
h,A2w
)
L2(R+;H)
=
∥∥∥∥∥Adwdt
∥∥∥∥∥
2
L2(R+;H)
+
∥∥∥A2w∥∥∥2
L2(R+;H)
−
κ2
4
‖Aw‖2L2(R+;H) ≥
∥∥∥∥∥Adwdt
∥∥∥∥∥
2
L2(R+;H)
+ γ (λ0)
∥∥∥A2w∥∥∥2
L2(R+;H)
≥
γ (λ0)
∥∥∥A2w∥∥∥2
L2(R+;H)
. (11)
7
Thus,
γ (λ0)
∥∥∥A2w∥∥∥2
L2(R+;H)
≤ ‖h‖L2(R+;H)
∥∥∥A2w∥∥∥
L2(R+;H)
,
i.e.
∥∥∥A2w∥∥∥
L2(R+;H)
≤ γ−1 (λ0) ‖h‖L2(R+;H) . (12)
From the other side, from the inequality (11) it follows that for any ε > 0
∥∥∥∥∥Adwdt
∥∥∥∥∥
2
L2(R+;H)
+ γ (λ0)
∥∥∥A2w∥∥∥2
L2(R+;H)
≤
‖h‖L2(R+;H)
∥∥∥A2w∥∥∥
L2(R+;H)
≤
ε
2
‖h‖2L2(R+;H) +
1
2ε
∥∥∥A2w∥∥∥2
L2(R+;H)
.
We suppose in the last inequality ε = 1
2
γ−1 (λ0) and find that
∥∥∥∥∥Adwdt
∥∥∥∥∥
2
L2(R+;H)
≤ 1
4
γ−1 (λ0) ‖h‖2L2(R+;H) . (13)
As h (t) = f (t) e−
κ
2
t, w (t) = y (t) e−
κ
2
t, then, taking into account the condition (8), from
(12) and (13) we have
∥∥∥A2y∥∥∥2
L2,κ(R+;H)
≤ γ−2 (λ0) ‖f‖2L2,κ(R+;H) ,
∥∥∥∥∥Adydt
∥∥∥∥∥
2
L2,κ(R+;H)
+
κ2
4
‖Ay‖2L2,κ(R+;H) ≤
1
4
γ−1 (λ0) ‖f‖2L2(R+;H) .
From these inequalities, taking into consideration y (t) =
(
d
dt
+ A
)2
u (t) and the conditions
(2), we obtain
∥∥∥∥∥A2d
2u
dt2
∥∥∥∥∥
2
L2,κ(R+;H)
+ 2
∥∥∥∥∥A3dudt
∥∥∥∥∥
2
L2,κ(R+;H)
+
∥∥∥A4u∥∥∥2
L2,κ(R+;H)
≤ γ−2 (λ0) ‖f‖2L2,κ(R+;H) , (14)
∥∥∥∥∥Ad
3u
dt3
∥∥∥∥∥
2
L2,κ(R+;H)
+ 2
∥∥∥∥∥A2d
2u
dt2
∥∥∥∥∥
2
L2,κ(R+;H)
+
8
∥∥∥∥∥A3dudt
∥∥∥∥∥
2
L2,κ(R+;H)
≤ 1
4
γ−1 (λ0) ‖f‖2L2,κ(R+;H) . (15)
As a result, from the inequalities (14) and (15) the following estimations are obtained:
∥∥∥∥∥Aj d
4−ju
dt4−j
∥∥∥∥∥
L2,κ(R+;H)
≤ cj (κ) ‖P0u‖L2,κ(R+;H) , j = 1, 2, 3, 4, (16)
where
c1(κ) = c3(κ) =
1
2
γ−
1/2 (λ0) , c2(κ) =
1
2
√
2
γ−
1/2 (λ0) , c4 (κ) = γ
−1 (λ0) .
Taking into consideration the estimations (16) in the inequality (6), we have
∥∥∥P1P−10 z
∥∥∥
L2,κ(R+;H)
≤
4∑
j=1
cj (κ)
∥∥∥AjA−j∥∥∥
H→H
‖z‖L2,κ(R+;H) .
Consequently,
∥∥∥P1P−10 ∥∥∥L2,κ(R+;H)→L2,κ(R+;H) ≤
4∑
j=1
cj (κ)
∥∥∥AjA−j∥∥∥
H→H
< 1
and that’s why the operator E+P1P
−1
0 is invertible in the space L2,κ(R+;H), and it means
that we can determine u (t) by the formula
u (t) = P−10
(
E + P1P
−1
0
)
−1
f (t) ,
moreover,
‖u‖W 4
2,κ
(R+;H)
≤
∥∥∥P−10
∥∥∥
L2,κ(R+;H)→W 42,κ(R+;H)
×
∥∥∥∥(E + P1P−10 )−1
∥∥∥∥
L2,κ(R+;H)→L2,κ(R+;H)
‖f‖L2,κ(R+;H) ≤
const ‖f‖L2,κ(R+;H) .
Theorem is proved.
Corollary 2. Let κ = 0 and the inequality
1
2
∥∥∥A1A−1∥∥∥
H→H
+
1
2
√
2
∥∥∥A2A−2∥∥∥
H→H
+
1
2
∥∥∥A3A−3∥∥∥
H→H
+
∥∥∥A4A−4∥∥∥
H→H
< 1
is true. Then the operator P0 +P1 is the isomorphism from the space
o
W 42 (R+;H) onto the
space L2(R+;H).
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On the Boundary-Value Problem for One Class of Differential
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Abstract. The boundary-value problem on semi-axis for one class operator-differenti-
al equations of the fourth order, the main part of which has the multiple characteristic
is investigated in this paper in Sobolev type weighted space. Correctness and unique
solvability of the boundary-value problem is proved, and the solvability conditions
are expressed in terms of the operator coefficients of the equation. Estimations of the
norms of the operators of intermediate derivatives, closely connected with the solv-
ability conditions, have been carried out. The connection between the exponent of
the weight and the lower border of the spectrum of the main operator, participating
in the equation, is determined in the results of the paper.
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